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SECTION I: Multiple Choice
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DO NOT OPEN THIS BOOKLET UNTIL YOU ARE TOLD TO DO SO.

( At a Glance )

Total Time
1 hour, 45 minutes

Number of Questions
45

Percent of Total Score
50%

Writing Instrument
Pencil required

Part A

Number of Questions
28

Time
55 minutes

Electronic Device
None allowed

Part B

Number of Questions
17
Time
50 minutes
Electronic Device

Graphing calculator
required

& ¥

Instructions

Section I of this exam contains 45 multiple-choice questions and 4 survey questions. For
Part A, fill in only the circles for numbers 1 through 28 on page 2 of the answer sheet,
For Part B, fill in only the circles for numbers 76 through 92 on page 3 of the answer
sheet. The survey questions are numbers 93 through 96.

Indicate all of your answers to the multiple-choice questions on the answer sheet. No
credit will be given for anything written in this exam booklet, but you may use the booklet
for notes or scratch work. After you have decided which of the suggested answers is best,
completely fill in the corresponding circle on the answer sheet. Give only one answer to
each question. If you change an answer, be sure that the previous mark is erased
completely. Here is a sample question and answer.

Chicago is a OX XCIGCIG)
(A) state

(B) city

(C) country

(D) continent

(E) village

Use your time effectively, working as quickly as you can without losing accuracy. Do not
spend too much time on any one question. Go on to other questions and come back to
the ones you have not answered if you have time. It is not expected that everyone will
know the answers to all of the multiple-choice questions.

Your total score on the multiple-choice section is based only on the number of questions
answered correctly. Points are not deducted for incorrect answers or unanswered
questions.

Form I
Form Code 4JBP4-Q-S

63

L

PLACE SEAL HERE W
DO NOT seal answer sheet inside
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(A) 2x+3

—x* —-6x—-7

(B) —
(x +3)

(C) JC2 + 6x 1— 7
(x +3)

x> +12x + 11

(D)
(x +3)°

3x? +12x + 11

(E) .
(x +3)°

2. ISx(J; — xz) dx =
15Vx

(A) = ~15x* + C

(B) Sx—-—éﬁi+ C

(C) 2x°/% - Sf +C

(D) 25";5“ ——-S—zi+c
(E) Sx;“ --§-i;-i+c

oo (_3)n+l
3. What is the value of z pr )
n=\
15 9 3 9 15
A BY —= - = = —
(A) 2 (B) 2 (C) 2 (D) 2 (E) 2
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4. Which of the following is an equation of the line tangent to the graph of x° - 3xy =10 atthe point (1, -3) ?
(A) y+3=-11(x-1)
7

(B) y+3=—-=(x-1)
3 j
© y+3=35(x-1
(D) y+3 =—§-(x— 1)
(E) y+3=ljl-(x—1)
_ 1 4/5 3 . dy
5. If y = =x*/5 - 2 then & =
y 5 X 5 then 2
.2 15
(A) -2 it
le/s x8
| 15
(B) e R
PRVER
2 3
(C) —
le/s Sx*
2x/35 15
(D) + —
5 xﬁ
1/5
2x 3
R }
y, (1. 2)
34 (1- l)
— "
C)i i 3
(3.~1)

(rraph of [
6. The graph of the function f consists of two line segments, as shown in the figure above. The value
3 . L
of j0|f(.r)| dx is

]
2

3
)

i

(A) — (B) é— (C) -2?1 (D) (E) nonexistent
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/. A population y changes at a rate modeled by the differential equation -‘% = 0.2y(1000 - y), where 7 is

measured in years. What are all values of y for which the population is in-c.r‘e.asiin;g_ at a decreasing rate?
(A) 500 only |

(B) 0 < v <500 only

(C) 500 < y < 1000 only

(D) 0< v <1000

(E) y > 1000

3. Which of the following gives the length of the path described by the parametric equations x(t) = 2 + 3¢ and
y(t) =1+t fromt=0tot =17 |

9. Let y = f(x) be the solution to the differential equation % = 2x + y with initial condition f(1) = 0. What is

the approximation for f(2) obtained by using Euler's method with two steps of equal length, starting at x = 1?

(A) O (B) 1 (C) 2.75 (D) 3 (E) 6

ki
10, If J‘ __2x dx = *I-ln 4, where k > 0, then k =
0 x +4 2 '

(A) 0 (B) V2 (C) 2 (D) Vi3 (E) -%-tan(ln VZ)
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11. The third-degree Taylor polynomial for a function f about x = 4 is .(‘r_s..i% _(_"."_gz_l_ (x - = ) +2. What
is the value of f*(4)?

(A) "'76'1 (B) "32 ©) 513 D) 53¢ 756 £) 356 356

12. For which of the f@ll@wmg does Iim I (x) = 07

x—oa

'1'2

[I. f(x)=

ln X

m f(x) = ﬁj—
e

(A) lonly

(C) lIonly

(D) Tand II only

(E) Iand I only

o

Gfaph of f 7

13. The graph of f’, the derivative of £, is shown in the figure above. If £(0) = 20, which of the fol lowing could
be the value of f(5)?

(A) 13 (B) 20 (C) 25 (D) 35 (E) 40
14. If @ and b are positive constants, then lim —-—---—...___.1 n(bx +1)

¥y ]n(ax2 + 3)

(A) O (B) 3 (C) -ifa-b (D) 2 (E) oo
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Q0 _ n n
15. What are all values of x for which the series 2( 1) (x + -37’-) converges”

“~ n 2
5 1
(A) —E<.r<-§
5 1
(B) “-2—'<IS—*'2"
C) —2<x<-3
(D) --l-<x<-—-
2 2
(E) xs—-l-
2

16. For 0 < P < 100, which of the following is an antiderivative of . S ?
* 100P — P?
(A) —=-1n(P) -~ —In (100 — P)
100 "~ 100

1 1
(B) 15g1n(P) + 7551n(100 - P)

(C) 100 In(P) - 1001n(100 — P)

(D) ln(lOOP - P2)

(B) — o
2 Y —
S0P? - =
17, 1f im eS0T ) —aresin(a) _ o of the following could be the value of a
h—0 h
V2 V3 1 ¥
Ne B) Y2 L] >
(A) (B) = (C) V3 (D) (E) 2 o~
Graph of f ¥
O [ *
(4.-2)

18. The graph of the function f, consisting of two line segments, is shown 1n the figure above. Let g be the function
given by g(x) = 2x+1, andlet / be the function given by h(x) = f(g(x)). What is the value of A’(1)?

(A) ~4 (B) -2 (C) 4 (D) 6 (E) nonexistent
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19. Which of the following is the Maclaurin series for

(A) 1=x+x2 = +...

(D) 1+ x™ +x* +x% +...

{3

] |

N AT
__C: .WV 3
A1 T NAT T

T

20. The graph of the function J 1n the figure above consists of four line segments. Let g be the function defined by

g(x) J f (1) dt. Which of the following is an equation of the line tangent to the graph of g at x =57

(A) y+l=1x-5
(D) y+2=x-5
(E) y+2=-1(x-5)
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21. Attime t 2 0, acube has volume V(t) and edges of length x(t). If the volume of the cube decreases at a rate
proportional to its surface area, which of the following differential equations could describe the rate at which
the volume of the cube decreases’?

dt
av
av

dt

av _ 42

(A) = —1.2x°

= -1.2%°

(B)

(& = —1.2x%

av

- 1.2V

(E)

22. Which of the following is true about the curve x% - Xy + yz = 3 atthe point (2,1) ?

(A) — - exists at (2,1), but there is no tangent line at that point.

(B) — exists at (2, 1), and the tangent line at that point is horizontal.

(C) == exists at (2, 1), and the tangent line at that point is neither horizontal nor vertical.
(D) —= does not exist at (2, 1), and the tangent line at that point is vertical.

(E) __y does not exist at (2, 1), and the tangent line at that point is horizontal.

)
3x

23. What is the coefficient of x° in the Taylor series for =5— about x = 0?

ed

@ B ©F O3 ©®F

1440 160

!
24. The function g is given by g(x) = 4x> +3x* —6x + 1. What is the absolute minimum value of g on the closed

3

@-=7 ®-F ©0 D2 (B
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25. Which of the following is the solution to the differential equation f{ = g'*?

condition y(0) = —=In4?
(A) y=-x—-1n4
(B) y=x-1In4

(C) y = ~—1n(—e" N 5)

(E) y= 1“--(.9* T 3)

-

26. Which of the following series converge?

oo

L 1. Zeh" I11. i nt+2

2 2

el M =l min +n
(A) Lonly
(B) II only
(C) Tl only
(D) I and II only
(E) Iand III only

= - 4 then [ f(1)dr s

(A) 6 B) 1  (C) -3 (D) -4 (E) divergent

o o o d%y .
28. If x =+* =1 and y = Int, whatis 2 in terms of ¢ ?

de

' 1 —_ 1 _ 1
2t 2 B - - 2¢° 2t°

with the initial
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Calculator Is Required In This Section

76. Let f be a function whose derivative is givenby f’(x) = In (x4 +50 + x* = Tx + 28)* On the open
interval (=4, 1), at which of the following values of x does f attain a relative maximum?
(A) -3.623 only
(B) —-0.871 only
(C) -3.623 and -3.284
(D) -3.459 and 0.581 only
(E) -3.459, -0.87], and 0.581

77. The unction f has the properties indicated in the table above. Which of the following must be true?
(A) f1scontinuous at x = -1
(B) f1s continuous at x =0
(C) y 1s continuous at x = 1
(D) f 1s differentiable at x = 0
(E) fis differentiable at x = 1.

78. What is the area of the region in the irst quadrant enclosed by the graphs of y = sin(2x) and y = x

(A) 0.208 (B) 0.210 (C) 0.266 (D) 0.660 (E) 0.835
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79. The figure above shows the graph of f, the derivative of thefunction f. If f (0) = 0, Which of the follow ing
could be the graph of f?

A B)

(E) ¥

80. The volume of a certain cone for which the sum of its radius. r, and height is constant is given by
=3 7r* (10 — r). The rate of change of the radius of the cone with respect to time is 6. In terms of r,

what is the rate of change of the volume of the cone with respect to time?

(A) —24zr (B) 6nr (C) 239- r — nr’ (D) 16xr - %:rrz (E) AOzr — 6rr-
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81. A cup of tea is cooling in a room that has a constant temperature of 70 degrees Fahrenheit (°F). If the initial
temperature of the tea, attime ¢ = 0 minutes, is 200°F and the temperature of the tea changes at the rate

R(1) = -6.89¢79%" degrees Fahrenheit per minute. what is the temperature, to the nearest degree, of the tea

after 4 minutes?
(A) 175°F (B) 130°F (C) 95°F (D) 70°F (E) 45°F

82. Consider the series Ean and an,. where a, >0 and b, >0 for n 2 1. If E_a_n converges, which of the
n=| n=1 n=1
following must be true?
(A) It a, < b,, then Z b, converges.
n=l
(B) If a, < b,, then ) b, diverges.
(C) If b, < a,, then an converges.

(D) If b, < a,, then Ebﬁ diverges.
n=|

(E) If b, < a,. then the behavior of Ebn cannot be determined from the information given.
n=1

x fojos| 1 {15]2]25]3
f(x) o] 4 [ 10| 18 | 28| 40 | 54

83. The table above gives selected values for a continuous function f. If f is increasing over the closed interval

| - | 3
[0, 3], which of the following could be the value of J’U. F(x)dx?

(A) 30 (B) 62 (C) 77 (D) 100 (E) 154
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84. Let f be a function with derivative given by f "(x) = x> = 5x% + €*. On which of the following intervals is the

graph of f concave down?
(A) (—o0,0.117) only
(B) (—o0,1.144)

(C) (0.116, 2.062)

(D) (0.673,2.863)

(E) (2.863, oo)

(81 ""3)

Graph of f

83. A portion of the graph of a differentiable function f is shown above. If the value ¢ = 3 satisfies the conclusion
of the Mean Value Theorem applied to f on the open interval =2 < x < 8, what is the slope of the line tangent
to the graphof fat x =37

7 5 4 o ]

Ay —— ) — - Y
(A) - (B) A (C) B (D) 7 (E) Z

86. If f’(x) >0 forall x and f”(x) < O for all .x, which of the following could bea table of values for f?

(A)

(E)
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87. The position of a particle moving in the xy-plane is given by the parametric functions x(¢) and y(¢) for which
x'(t) = tsint and y’(t) = 5¢™" + 2. Whatis the slope of the line tangent to the path of the particle at the point
atwhicht =27 -

(A) 0.904 (B) 1.107 (C) 1.819 (D) 2.012 (E) 3.660

88. Let R be the region in the first quadrant that is bounded above by the polar curve r = 4cos 8 and below by the
line @ = 1, as shown in the figure above. What is the area of R ?

(A) 0.317 (B) P.465 (C) 0.929 (D) 2.618 (E) 5819

39. What 1s the volume of the solid generated when the region bounded by the graph of x = |y — 2 und the lines
x =0 and y = 5 is revolved about the y-axis’ -

(A) 3.464 (B) 4.500 (C) 7.854 (D) 10.883 (E) 114.137

O
90. Which of the following statements are true about the series Z a,, where a, —_—

I. The series 1s alternating.

IL |a,,,;| <la,| forall n 22

Il lima, =0

n—00
(A) None

(B) Tonly

(C) Iand Il only
(D) I and III only
(E) I, II. and III
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91. A particle moves along the v-axis. The graph of the particle’s position y(¢) attime ¢ is shown above for
0 €t £ 5. For what values of 7 is the velocity of the particle negative and the acceleration positive?

(A) 0<t <l (B) 1<1<?2 () 27193 (D) 3<t<4 (E) 4<t<5

92. If f is a function such that f’(x) = —f(x). then J x f(x)dx =
(AY f(x)(x+1)+C

(B) —f(x)(x+1)+C

2
(C) %—f (x)+C

2
(D) —%-f(x)+C

(Ej —E;f(x)(l + —g-) +C
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AP® Calculus BC
2013 Free-Response Questions
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2013 AP° CALCULUS BC FREE-RESPONSE QUESTIONS

CALCULUS BC
SECTION II, Part A
Time—30 minutes
Number of problems—2

A graphing calculator is required for these problems.

1. On a certain workday, the rate, in tons per hour, at which unprocessed gravel arrives at a gravel processing plant

),‘2

is modeled by G(¢) = 90 + 45 COS[E)’ where ¢ is measured in hours and 0 < 7 < 8. At the beginning of the

workday (7 = 0), the plant has 500 tons of unprocessed gravel. During the hours of operation, 0 < ¢ < 8, the
plant processes gravel at a constant rate of 100 tons per hour.

(a) Find G’(5). Using correct units, interpret your answer in the context of the problem.

(b) Find the total amount of unprocessed gravel that arrives at the plant during the hours of operation on this
workday.

(c) Is the amount of unprocessed gravel at the plant increasing or decreasing at time ¢ = 5 hours? Show the
work that leads to your answer.

(d) What is the maximum amount of unprocessed gravel at the plant during the hours of operation on this
workday? Justify your answer.

© 2013 The College Board.
Visit the College Board on the Web: www.collegeboard.org.

GO ON TO THE NEXT PAGE.
-2-
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2013 AP° CALCULUS BC FREE-RESPONSE QUESTIONS

2. The graphs of the polar curves » = 3 and r = 4 — 2sin @ are shown in the figure above. The curves intersect
when 0=% and 0=%T.
(a) Let S be the shaded region that is inside the graph of r = 3 and also inside the graph of r = 4 — 2sin 6.
Find the area of S.

(b) A particle moves along the polar curve r = 4 — 2sin € so that at time ¢ seconds, 8 = 1*. Find the time ¢ in
the interval 1 £ ¢ < 2 for which the x-coordinate of the particle’s position is —1.

(c) For the particle described in part (b), find the position vector in terms of ¢. Find the velocity vector at
time t = 1.5.

END OF PART A OF SECTION Il

© 2013 The College Board.
Visit the College Board on the Web: www.collegeboard.org.

-3-
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2013 AP° CALCULUS BC FREE-RESPONSE QUESTIONS

CALCULUS BC
SECTION II, Part B
Time—60 minutes
Number of problems—4

No calculator is allowed for these problems.

t
ey | O | 1|23 4] 5|6
() 0 | 53|88 |112]128]13.8]145
(ounces)

3. Hot water is dripping through a coffeemaker, filling a large cup with coffee. The amount of coffee in the cup at
time ¢, 0 < ¢ < 6, is given by a differentiable function C, where ¢ is measured in minutes. Selected values of

C(t), measured in ounces, are given in the table above.

(a) Use the data in the table to approximate C’(3.5). Show the computations that lead to your answer, and
indicate units of measure.

(b) Is there a time #, 2 < ¢ < 4, at which C’(r) = 2 ? Justify your answer.
(c) Use a midpoint sum with three subintervals of equal length indicated by the data in the table to approximate
6 6
the value of éj.o C(t) dt. Using correct units, explain the meaning of %J.o C(t) dt in the context of the

problem.

(d) The amount of coffee in the cup, in ounces, is modeled by B(t) =16 — 16e704. Using this model, find the
rate at which the amount of coffee in the cup is changing when ¢t = 5.

© 2013 The College Board.
Visit the College Board on the Web: www.collegeboard.org.

GO ON TO THE NEXT PAGE.
-4-
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2013 AP° CALCULUS BC FREE-RESPONSE QUESTIONS

(5,-2)
Graph of f’

4. The figure above shows the graph of f”, the derivative of a twice-differentiable function f, on the closed
interval 0 < x < 8. The graph of f” has horizontal tangent lines at x = 1, x = 3, and x = 5. The areas of the

regions between the graph of f’ and the x-axis are labeled in the figure. The function f is defined for all real
numbers and satisfies f(8) = 4.

(a) Find all values of x on the open interval 0 < x < 8 for which the function f has a local minimum. Justify
your answer.

(b) Determine the absolute minimum value of f on the closed interval 0 < x < 8. Justify your answer.

(c) On what open intervals contained in 0 < x < 8 is the graph of f both concave down and increasing?
Explain your reasoning.

(d) The function g is defined by g(x) = (f(x))*. If £(3) = —%, find the slope of the line tangent to the graph

of g at x =3.

© 2013 The College Board.
Visit the College Board on the Web: www.collegeboard.org.

GO ON TO THE NEXT PAGE.
-5-
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2013 AP° CALCULUS BC FREE-RESPONSE QUESTIONS

5. Consider the differential equation % = y2 (2x +2). Let y = f(x) be the particular solution to the differential
equation with initial condition f(0) = —I.
+1
(a) Find lim & Show the work that leads to your answer.
x—0 sin x

(b) Use Euler’s method, starting at x = 0 with two steps of equal size, to approximate f (%)

(c) Find y = f(x), the particular solution to the differential equation with initial condition f(0) = —1.

© 2013 The College Board.
Visit the College Board on the Web: www.collegeboard.org.

GO ON TO THE NEXT PAGE.
-6-
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2013 AP° CALCULUS BC FREE-RESPONSE QUESTIONS

6. A function f has derivatives of all orders at x = 0. Let P,(x) denote the nth-degree Taylor polynomial
for f about x = 0.

(a) Ttis known that f(0) = —4 and that Pl(%) = —3. Show that f’(0) = 2.

(b) Tt is known that f”(0) = —% and f7(0) = % Find Py(x).

(c) The function A has first derivative given by 4’(x) = f(2x). It is known that 4(0) = 7. Find the
third-degree Taylor polynomial for 4 about x = 0.

STOP

END OF EXAM

© 2013 The College Board.
Visit the College Board on the Web: www.collegeboard.org.

-7-
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Answer Key for AP Calculus BC

Practice Exam, Section I

Multiple-Choice Questions

23

24

25

26

27

28

76

77

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92
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Question # Key
1 C
2 C
3 D
4 E
5 A
6 D
7 C
8 D
9 D
10 D
11 D
12 E
13 D
14 B
15 B
16 A
17 B
18 A
19 C
20 E
21 A
22 D
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AP® Calculus BC
2013 Scoring Guidelines
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AP® CALCULUS BC
2013 SCORING GUIDELINES

Question 1

On a certain workday, the rate, in tons per hour, at which unprocessed gravel arrives at a gravel processing plant

2
is modeled by G(¢) = 90 + 45cos [i—gj, where ¢ is measured in hours and 0 < 7 < 8. At the beginning of the

workday (¢ = 0), the plant has 500 tons of unprocessed gravel. During the hours of operation, 0 < ¢ < &, the
plant processes gravel at a constant rate of 100 tons per hour.

(a) Find G'(5). Using correct units, interpret your answer in the context of the problem.

(b) Find the total amount of unprocessed gravel that arrives at the plant during the hours of operation on this
workday.

(c) Isthe amount of unprocessed gravel at the plant increasing or decreasing at time ¢ = 5 hours? Show the
work that leads to your answer.

(d) What is the maximum amount of unprocessed gravel at the plant during the hours of operation on this
workday? Justify your answer.

(a) G'(5) =-24.588 (or —24.587) 5. 1:G'(5)
" | 1 : interpretation with units
The rate at which gravel is arriving is decreasing by 24.588
(or 24.587) tons per hour per hour at time ¢ = 5 hours.
8 1 : integral
(b) [ G(r)dr =825551 tons 2: { regra
0 1 : answer
(c) G(5)=98.140764 < 100 5. 1 : compares G(5) to 100
" | 1: conclusion
Attime ¢ = 5, the rate at which unprocessed gravel is arriving
is less than the rate at which it is being processed.
Therefore, the amount of unprocessed gravel at the plant is
decreasing at time ¢ = 5.
(d) The amount of unprocessed gravel at time ¢ is given by 1 : considers A'(1) = 0
A(1) = 500 + [ (G(s) - 100)ds. 3: 4 1:answer
0 L .
1 : justification
A(t)=G(t)—-100 = 0 = ¢ = 4.923480
.0
0 500
4.92348 635.376123
8 525.551089
The maximum amount of unprocessed gravel at the plant during
this workday is 635.376 tons.

© 2013 The College Board.
Visit the College Board on the Web: www.collegeboard.org.
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AP® CALCULUS BC
2013 SCORING GUIDELINES

Question 2

The graphs of the polar curves » = 3 and » = 4 — 2sin @ are shown in the figure

above. The curves intersect when 6 = % and 0 = 5—”

(a) Let S be the shaded region that is inside the graph of » = 3 and also inside the

(b)

6

graph of » = 4 — 2sin 6. Find the area of S.

A particle moves along the polar curve » = 4 — 2sin @ so that at time ¢

seconds, € = #2. Find the time 7 in the interval 1 < ¢ < 2 for which
the x-coordinate of the particle’s position is —1.

\

(c) For the particle described in part (b), find the position vector in terms of ¢. Find the velocity vector at
time ¢ = 1.5.
52/6 1 : integrand
Va
(a) Area =67 + %J. /6 (4 - 2sin 0)* dO = 24.709 (or 24.708) 3: 4 1:limits and constant
T
1 : answer
(b) x =rcos@ = x(0)=(4-2sinf)cos b 1: x(8) or x(¢)
x(t) = (4 - 2Sin<t2))005(t2) 3:91:x(0)=-lorx(t)=-1
x(t) = —1 when ¢ = 1.428 (or 1.427) I'-answer
() y=rsin@ = y(0)=(4-2sinH)sin O 3. { 2 : position vector
NOE (4 _ 25in(t2 ))sin(tz) 1 : velocity vector
Position vector = (x(t), y(¢))
= <(4 - 2sin(t2))cos(t2), (4 - 2sin(t2))sin(t2 )>
v(1.5) = (x'(1.5), y'(1.5))
= (-8.072, -1.673) (or (-8.072, -1.672))
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Question 3

t
(minutes) 0 ! 2 3 4 > 6
() 0 | 53|88 |11.2]12.8|13.8|14.5
(ounces)

Hot water is dripping through a coffeemaker, filling a large cup with coffee. The amount of coffee in the cup at
time ¢, 0 < ¢ < 6, is given by a differentiable function C, where ¢ is measured in minutes. Selected values of

C(t), measured in ounces, are given in the table above.

(a) Use the data in the table to approximate C’(3.5). Show the computations that lead to your answer, and
indicate units of measure.

(b) Isthereatime ¢, 2 <t <4, at which C'(z) = 2 ? Justify your answer.

(¢) Use a midpoint sum with three subintervals of equal length indicated by the data in the table to approximate
the value of %J‘Oé C(t) dt. Using correct units, explain the meaning of % J‘06 C(t) dt in the context of the
problem.

(d) The amount of coffee in the cup, in ounces, is modeled by B(f) = 16 — 16e7 04 Using this model, find the
rate at which the amount of coffee in the cup is changing when ¢ = 5.

C(4)-C(3) 128-112
4-3 1

@) C'(3.5)~

= 1.6 ounces/min

5. 1 : approximation
" | 1: units

C(4) - C(2)
L))

(b) C isdifferentiable = C is continuous (on the closed interval) 7. 1:
1 : conclusion, using MVT

C(4)-C(2) 128-8.8 _

4-2 a 2 -
Therefore, by the Mean Value Theorem, there is at least
one time ¢, 2 < t < 4, for which C'(¢) = 2.

2

(©) %KC(t) dt ~ %[2 C(1)+2-C(3)+2-C(5)] 1 : midpoint sum

3: 4 1:approximation

1
= £(2:53+2:112+2:138) I - interpretation

= 2(60.6) = 10.1 ounces

6
%Io C(¢) dt is the average amount of coffee in the cup, in

ounces, over the time interval 0 < ¢ < 6 minutes.

(d) B'(1) = -16(-0.4)e "% = 6.4¢7 "4 . { 1:B'(1)

" 1:B'(5)

B'(5) = 6.4¢740) = % ounces/min
e

© 2013 The College Board.
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The figure above shows the graph of f”, the derivative
of a twice-differentiable function f, on the closed interval
0 < x < 8. The graph of f” has horizontal tangent lines
at x =1, x =3, and x = 5. The areas of the regions
between the graph of /" and the x-axis are labeled in the

figure. The function f is defined for all real numbers and
satisfies f(8) = 4.

(a)

(b)
(©)

(d)
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Question 4

(8.5)

Find all values of x on the open interval 0 < x < 8
for which the function f has a local minimum.
Justify your answer.

Determine the absolute minimum value of f on the
closed interval 0 < x < 8. Justify your answer.

On what open intervals contained in 0 < x < 8 is the graph of f both concave down and increasing?

Explain your reasoning.

Area=3

(5.-2)
Graph of f*

The function g is defined by g(x) = (f(x))’. If £(3) = —%, find the slope of the line tangent to the

graph of g at x = 3.

(2)

(b)

(©)

(d)

x = 6 is the only critical point at which /' changes sign from

negative to positive. Therefore, f has a local minimum at
x =6.

From part (a), the absolute minimum occurs either at x = 6 or
at an endpoint.

F0)= £(8)+ [ 1'(x) dn
= £(8) —j:f'(x) dx=4-12 =-8
£(6) = £(8)+ [ /'(x) dx

=)~ [ S dx=4-7=-3
f(8)=4

The absolute minimum value of f on the closed interval [0, 8]
is —8.

The graph of f is concave down and increasing on 0 < x < 1
and 3 < x < 4, because " is decreasing and positive on these
intervals.

' 2
g'(x) =3[/(x)]" - f'(x)

2

g3) =3B S (3) =3(-3] 4=75

© 2013 The College Board.

1 : answer with justification

1:considers x =0and x = 6
3:< 1:answer

1 : justification

5. 1 : answer

" | 1 : explanation
5.12:8'(%)

" | 1:answer
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Question b

Consider the differential equation % = y? (2x +2). Let y = f(x) be the particular solution to the differential

equation with initial condition f(0) = —1.

(a) Find lim ——~*— SO+ . Show the work that leads to your answer.
x—0 sinx

(b) Use Euler’s method, starting at x = 0 with two steps of equal size, to approximate f° (%)

(c) Find y = f(x), the particular solution to the differential equation with initial condition f(0) = —1.

(@ lim(f(x)+1)=-14+1=0 and limsinx =0 { 1 : L’Hospital’s Rule
x—0 x—0 2:
1 : answer
Using L Hospital’s Rule,
po S () S(0) (D2
x—>0 sinx x—>0cosx cosO 1
(b) f(%) ~ f(0)+ f’(O)(%) 5. 1 : Euler’s method
1 ! " | 1:answer
=—-1+ (2)(2) = —E
1 1
a)= o3 1))
1 1\2(, 1 1\ 11
72 ( 2) (2 4+2)(4)‘ 32
dy ) . .
(c) i (2x +2) 1 : separation of variables
1 : antiderivatives
_2 = (2x +2) dx 5:{ 1: constant of integration
dy 1 : uses initial condition
J7 = I(Zx +2) dx 1 : solves for y
1
——=x"+2x+C Note: max 2/5 [1-1-0-0-0] if no constant of
1 5 integration
—_—1:0 +20+C = C=1
1 ) Note: 0/5 if no separation of variables
——=x"+2x+1
y
x4+ 2x+1 (x+1)2

© 2013 The College Board.
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Question b

Note: This solution is valid for x > —1.

© 2013 The College Board.
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Question 6

A function f has derivatives of all orders at x = 0. Let P,(x) denote the nth-degree Taylor polynomial
for f about x = 0.

(a) Itis known that f(0) = —4 and that P](%) = —3. Show that f(0) = 2.

(b) Itis known that /"(0) = —% and f"(0) = % Find B(x).

(c) The function /% has first derivative given by 4'(x) = f(2x). It is known that /4(0) = 7. Find the
third-degree Taylor polynomial for /4 about x = 0.

@ R(x)= £(0)+ f(0)x = ~4+ £(0)x L[ 1:uses ()
| 1: verifies f'(0) =2
L\ 4y r0)-Lo
Rlg) =4+ 13 =-3
' 1
1'(0)5=1
1'(0) =2
2\ 22 1K .
(b) B(x)=-4+2x+ Y TR T] 1 : first two terms
) 3: 4 1:third term
= _Ll2 1.3 1 : fourth term
=—4+2x 3x + 18x
(c) Let Q,(x) denote the Taylor polynomial of degree n for 4 about 2 :applies h'(x) = f(2x)
x =0. 4: < 1: constant term

1 : remaining terms
H(x) = £(2x) = 0)'(x) = 4 +2(2x) - 1(2x)?

O)(x) = 4+ 4% A 002 0.(0)= h(0) = 7

2 33
Oy(x) = 7 — 4x + 2x* - gx3
OR

H(x) = f(2x), K'(x) = 2f"(2x), h"(x) = 45"(2x)

B(0) = £(0) = —4, h"(0) = 2£'(0) = 4, "'(0) = 41"(0) = _g
2

X ’
2!

'%=7—4x+2x2—ix3

Os(x)=T—-4x+4- 5

w| oo
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